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The effect of the potential shape on the transport properties of rubidium (Rb) metal along the
liquid–vapor co-existence curve has been studied at six thermodynamic states by assuming
that the particles of the system are interacting via the Lennard–Jones (LJ) potential with
same effective size of the particle and well depth of the potential as that of the corresponding
liquid–metal (LM) potential. Self-diffusion coefficient and coefficient of shear viscosity of
expanded Rb have been calculated by using a simple model, which employs sum rules and
provides a good description of transport coefficients both for LMs and LJ fluids. We have
found that the sum rules are able to account for the observed differences in the behavior of
velocity auto-correlation functions (VACFs) of LM and LJ fluids. The fact that the back
scattering effects are more pronounced in LMs than in the case of LJ fluids can be
understood in terms of enhanced values of frequency sum rules in case of harder potential.
It is found that the normalized stress auto-correlation function decays much faster in harder
potential than in liquid metal. The effect of the potential shape on the self-diffusion and the
shear viscosity is found to decrease as one moves toward the critical point from near the
triple point. The contribution due to three particle correlations is found to be more important
in case of metals than in LJ fluids.

Keywords: Liquid rubidium; Lennard–Jones potential; Transport properties

1. Introduction

A deep understanding of the relationship between the properties of different liquids and
the characteristics of the corresponding interaction potential is of great interest to set up
a microscopic basis of the liquid state behavior. Therefore, it would be interesting to
relate the most characteristic feature of the liquid metal (LM) and Lennard–Jones
(LJ) potential to the different properties of the corresponding liquids. It has been
found that the difference between the structure of these two kinds of liquids is quite
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similar [1], while the dynamic properties of the LMs and rare gas liquids differ in some

respect and are not completely understood. The difference in the dynamical properties

of LMs and LJ fluids may be attributed to the softness of the potential core and to the

differences in attractive forces [2,3]. Recently, Canales and Padro [3,4] studied the

potential dependence of dynamical and transport properties of LMs and LJ fluids

by choosing same effective particle size and well depth of LM potential of liquid Li

near its triple point. It was observed that dynamical properties are strongly influenced

by the softness of the potential core. However, this has been examined only near the

triple point where the liquid is known to show the metallic character. Therefore, as

one goes toward the critical point of metal, the differences in dynamical and transport

properties of metals and that of inert fluids are not known yet. In the present work,

we aim to study the effect of characteristic interaction potential on the transport

properties of expanded Rb along the liquid–vapor co-existence curve. Along the

liquid–vapour co-existence curve the region from intermediate temperature to critical

point of Rb is of interest, as with the liquid/gas transition Rb undergoes a

metal/non-metal transition [5]. Therefore, this region is of special interest to study

the effect of softness of the potential core on dynamical properties of metal. Earlier

molecular dynamics [6] and theoretical studies [7] have been carried out to study the

static and transport properties of expanded Rb metal using pseudo potential theory.
To study the effect of potential as one goes toward the critical point of LM, in the

present work, we assume that the particles of the system are interacting via the

LJ potential whereas the parameters of potential, i.e., well depth and the first zero of

the potential are same as that of the corresponding LM potential. The self-diffusion

coefficient, D, and the coefficient of shear viscosity, �, of expanded Rb for six

thermodynamic states have been calculated [7] by using the sum rules and a simple

model [8,9]. This model makes use of the sum rules and had already provided a

good description of the transport coefficients both for LMs [7,10,11] and LJ

fluids [8,11,12]. The frequency sum rules of velocity and the transverse stress

auto-correlation function have been studied to examine the effect of potential core

on the time-dependent properties of the system. It is found that values of the frequency

sum rules are higher for harder potential. The sum rules have been found to account for

the observed differences in the behavior of velocity auto-correlation function (VACF)

of Rb metal and corresponding LJ fluid. It is found that back scattering effects are

more pronounced in case of LMs than in case of LJ fluids. It can be understood

in terms of higher values of frequency sum rules in case of harder potential. The

VACF of LM potential and that of the one corresponding to LJ potential are very

similar near the critical point which is in contrast to the behavior near the melting

point. On the other hand, the normalized transverse stress auto-correlation (TSAC)

function decays much faster in LJ potential than in LM potential for all the thermo-

dynamical states. The effect of potential shape on self-diffusion and shear viscosity is

found to decrease as one moves toward the critical point from near the triple point.

The contribution due to three particle correlations is found to be more effective in

case of LMs than in case LJ fluids.
The article is organized as follows. Generalities are given in section 2, where

we present a general framework for calculating the time correlation functions and

transport coefficients. Difference in inter-atomic potential and radial distribution

function of liquid Rb and LJ fluids under analogous conditions is also shown there.
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Results and discussion are presented in section 3. Finally, conclusions are given in
section 4.

2. Generalities

2.1. Transport coefficients

A transport coefficient � can be expressed as a time integral of an appropriate
auto-correlation function C(t) as

� ¼ K

Z 1

0

CðtÞdt, ð1Þ

and is known as Green–Kubo formula [13]. Here, K is some thermodynamical quantity.
The exact calculation of time correlation function (TCF), C(t), is not feasible for the
system of present interest as it amounts to finding out a solution of a many body
problem. There exist a number of ways for the evaluation of C(t) by using Mori’s
memory function formalism [13,14] and simplified description of atomic motion.
However, in the present work, we make use of a model [8] which has provided
good estimates for the coefficients of self-diffusion and shear viscosity of the LJ
system [12] as well as for the LMs, especially expanded metals [7,15]. The expression
for C(t) in this model is given by

CðtÞ ¼ Cð0Þ sechðt=�Þ cosð!tÞ: ð2Þ

In the above equation � and ! are appropriate relaxations and frequencies, respectively.
Using equation (2) in equation (1), we obtain an expression for a transport coefficient �
given as

� ¼ C0K
�

2
� sech

�!�

2

� �
: ð3Þ

In order to calculate the self-diffusion coefficient and shear viscosity from the above
expression we require values of parameters � and !. On comparing the short-time
expansion of equation (2) with the exact short-time expansion of TCF, C(t), we obtain

��2 ¼
C4C0 � C2

2

4C2C0
, ð4Þ

and

!2 ¼
5C2

2 � C4C0

4C2C0
, ð5Þ

where C0, C2, and C4 are zeroth, second, and fourth frequency sum rules of TCF, C(t).
Expressions for these sum rules are available in literature [16,17] for velocity of
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tagged particle and transverse stress correlation functions. It has been found that for
some thermodynamic states of the system !2 become negative, whereas � remains
positive for the correlation of velocity of tagged particles. Under such circumstances,
equations (2) and (3) can be rewritten as

CðtÞ ¼ Cð0Þ sechðt=�Þcoshð!tÞ, ð6Þ

and

� ¼ KC0
�

2
� sec

�!�

2

� �
: ð7Þ

In the present work we study the velocity and stress auto-correlation functions which
are respectively, defined as

VðtÞ ¼
XN
i¼1

h~viðtÞ:~við0Þi

hð~viÞ
2
i

, ð8Þ

and

SðtÞ ¼ hJxyðtÞJxyð0Þi, ð9Þ

where,

JxyðtÞ ¼
XN
i¼1

½mvixðtÞviyðtÞ þ FiyxiðtÞ�: ð10Þ

In the equations above, xi and vixðtÞ are the x component of position and velocity of
the ith particle at time t, respectively. Fiy is the y component of the force on the
ith particle. K for VACF and TSAC function in equations (3) and (7) is kBT/m and
1/VkBT, respectively.

2.2. Interatomic potential and radial distribution function

In the present work, we assume that the particles of the system are interacting via the
LJ potential

UðrÞ ¼ 4�
�

r

� �12
�

�

r

� �6� �
: ð11Þ

The parameters of the potential, i.e., well depth (�) and the effective particle size ð�Þ of
the particles are kept the same as those corresponding to the LM potential used by Kahl
and Kambayashi [6]. Values of the these parameters of the potential for different
thermodynamical states are given in table 1. The comparison of LM potential
and LJ potential is shown in figure 1 where we plot reduced potential, U�ðrÞ ¼ UðrÞ=�
as a function of r� ¼ r=�, for three of the thermodynamic states of Rb. The solid line
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represents LJ potential whereas dotted line, dashed line, and dashed-dotted line

respectively, represent LM potential corresponding to 1st, 3rd, and 6th thermodynamic

states. From figure 1, one can see that as one moves from 1st state near the melting

point toward 6th state which is closer to critical point, LM potential becomes more

shallower and position of the first minimum shifts toward larger r=�. Another impor-

tant quantity needed to evaluate is the radial distribution function, g(r). In

figure 2(a), (b), and (c) we compare radial distribution function g(r) obtained for LJ

potential using optimized cluster theory [18] with those obtained using LM potential

[6] for 1st, 3rd, and 6th thermodynamic state, respectively. The solid line represents

g(r) of LJ potential whereas dotted lines correspond to LM potential. From the

figure, it can be seen that first peak in g(r), corresponding to LJ potential is sharper

and at smaller value of r=� than that corresponding to LM potential.

Table 1. Values of parameters of potential. T, �, �, and � represent temperature, mass density, the position
of first zero, and well depth of LM potential respectively. T �

ð¼kBT=�Þ and n�ð¼��3=mÞ represent reduced
temperature and number density.

State T (K) � ðgmcm�3
Þ � (nm) � ð10�12 ergs) T � n�

1 350 1.460 41.97862 0.07519852 0.6423 0.756
2 373 1.440 41.96285 0.07567248 0.68 0.745
3 1073 1.130 41.07260 0.08771005 1.60 0.55
4 1373 0.980 40.41258 0.09870986 1.92 0.45
5 1673 0.830 39.50153 0.1167129 1.97 0.36
6 1873 0.640 37.65076 0.1613590 1.60 0.24

Figure 1. Reduced potential UðrÞ=� as a function of r=�. Solid line represents LJ potential, whereas dotted,
dashed, dashed-dotted lines represent LM potential corresponding to 1st, 3rd, and 6th thermodynamic states,
respectively.
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3. Results and discussion

3.1. VAC function and self-diffusion

The numerical results for the second and fourth sum rules of VAC function are

obtained at six thermodynamic states of expanded Rb from the expressions already
available in literature [9,11,16]. The main inputs required for this purpose are the inter-

atomic potential and static correlation functions up to three particles. We use the

LJ potential and the static pair-correlation function, g(r), obtained by using

optimized cluster theory of Sung and Chandler [18], discussed above. The triplet
correlation function g3ð ~r1, ~r2Þ involved in the fourth sum rules has been approximated

using superposition approximation [19]. The numerical integration involved in the

expressions of frequency sum rules is done by using Gauss-quadrature method. The

accuracy of our numerical results for the sum rules is better than 5%. The numerical

Figure 2. Static pair correlation function, g(r), as a function of r=� for (a) 1st thermodynamic state,
(b) 2nd thermodynamic state, and (c) 6th thermodynamic state.
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values of 2nd (V2) and 4th (V4) frequency sum rule of VAC function are given in
table 2. The numerical values of these frequency sum rules obtained [7] by using
corresponding LM potential are also given in table 2 for comparison. It is noted that
for LJ potential, values of the sum rules are higher than those obtained by using LM
potential. Since the major contribution to sum rules comes from small values of r,
it implies that the softness of the potential reduces the contribution to the sum rules.
Here, it may be recalled that up to 2nd and 3rd derivatives of the potential are involved
in the expressions of second and fourth sum rules of VACF. From table 2 it can be seen
that near the triple point the three body contribution to the 4th sum rules is 20% of the
two body contribution whereas it is 50% in case of LM potential. Near the critical point
the three body contribution reduces to 3% in LJ potential and 5% in LM potential.
This shows that the contribution of higher-order correlations is more important in
the case of a softer potential. It is also noted that V2ðLJÞ=V2ðLMÞ increases as one
moves from 1st state to 6th state . This is as expected from the consideration of the
potential and g(r). However, it is more important to see the behavior of ! and �
which directly governs the time dependence of the VACF. The values of ! and � are
given in table 3. From table 3 one can see that the values of � in the LJ potential are
much smaller than the values corresponding to the LM potential. This in a cell picture
implies that the metallic particles vibrate for longer time in a cell before it jumps to
another cell. Near the melting point, the value of � in the LJ potential differs from
LM potential by about 50% and this difference increases as we go away from the
triple point. At the critical point, this difference becomes 66%. On the other hand, it
is found that !2 is negative in LJ potential for 3rd to 6th thermodynamic states whereas
it is negative in LM potential for 5th and 6th thermodynamic states. It implies that

Table 2. Values of second (V2) and fourth (V4) sum rules of the VAC. Vmn represents n body contribution
to the mth sum rule.

LJ potential LM potential

V2 V42 � 10�2 V43 � 10�2 V2 V42 � 10�2 V43 � 10�2

States ð�=m�2
Þ ð�=m�2

Þ
2

ð�=m�2
Þ
2

ð�=m�2
Þ ð�=m�2

Þ
2

ð�=m�2
Þ
2

1 190.1242 1130.83 238.70 120.55 216.03 109.30
2 192.6315 1183.80 242.09 117.13 215.73 100.07
3 174.1056 1972.22 161.23 72.30 175.09 25.46
4 143.1741 1591.45 108.95 60.46 159.95 14.40
5 114.6221 1488.58 67.49 39.743 84.33 6.20
6 72.4896 965.25 26.86 23.884 38.279 1.85

Table 3. Values of relaxation time, �ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m�2=�Þ

p
and vibrational frequency, !ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�=m�2

p
)

for VAC function.

LJ potential LM potential

States � ! � !

1 0.0868 7.587 0.164 9.123
2 0.0855 7.466 0.162 8.90
3 0.0617 9.418 0.140 4.586
4 0.0619 10.860 0.132 1.866
5 0.0567 14.00 0.146 2.70
6 0.0555 15.860 0.166 3.485
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back-scattering effects are more pronounced in case of LM than in case of LJ fluids. It
is also noted that at thermodynamic states 1 and 2 where VACF, V(t), is governed by
same formula (equation (2)), the values of ! and !� are higher in the case of the LM
potential than in the case of the LJ potential, thus implying that V(t) in the case of
LM will have more oscillatory behavior than in the case of LJ fluids. This means
that diffusive motion in LMs near melting point is closer to solid than in LJ
fluids under analogous conditions. This is clearly seen from the normalized VACF
V(t) plotted in figure 3(a), (b), and (c) for the 1st, 3rd, and 6th thermodynamic
states, respectively. Solid lines represent the results obtained using LJ potential
whereas dotted lines represent results obtained using corresponding LM potential
under analogous conditions. V(t) for LM potential shows a deep minimum followed
by oscillations while for LJ potential it shows only a shallower minimum.

Figure 3. Velocity auto-correlation function, V(t), vs. time in pico second for (a) 1st thermodynamic state,
(b) 3rd thermodynamic state, and (c) 6th thermodynamic state.
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The depth of the minimum goes on decreasing as we move away from the triple
point toward the critical point. These findings for LJ and LM potential are already
known and represent typical behavior of inert fluids and LMs. However, at the
5th (not shown) and 6th thermodynamic state, there is very little difference in the
qualitative behavior of time evolution of V(t). Thus, it is important to note that near
the critical point V(t) behaves in a similar fashion for LJ and LM systems, in spite of
differences in potential and g(r). The difference in the behavior of V(t) near the
melting point of Rb in our theoretical investigation can be attributed to smaller
values of � and ! in case of the LJ potential than that of LM. Since � is directly
proportional to Einstein frequency which is related to the second-order derivative of
potential, we may thus attribute this behavior to the difference in the softness of the
potential core.

Self-diffusion coefficients of the expanded Rb for six thermodynamic states have
been calculated from equations (3) and (7). The calculated values of self-diffusion
coefficient along with the earlier values [7] obtained using corresponding LM poten-
tial are given in table 4. The MD values [6] and experimental values [20] are also
given there for comparison. Values of self-diffusion coefficient, D of LJ potential
are higher than the the values obtained using LM potential. From table 4, it can
be seen that there is a considerable difference in the values of DLJ and DLM near
the melting point of LM, which is due to the fact that !� is much larger in the
case of LM potential than in the case of LJ fluids. This is in accordance with the
earlier results [4], and this difference decreases as we go away from the melting
point. The calculated values of diffusion coefficient for thermodynamic states
3rd to 6th, differ from the values obtained by using metallic potential at most
by 12%.

3.2. TSAC function and shear viscosity

The numerical results of zeroth (S0), second (S2), and fourth (S4) sum rules of TSAC
function for six thermodynamic states of Rb are obtained using already known
expressions [17]. The numerical values obtained for these sum rules using LJ potential
and corresponding g(r) are given in table 5. The values of these sum rules obtained [7]
using LM potential are also given for comparison. The values of sum rules obtained
using LJ potential are found to be higher than the values of sum rules using
LM potential as has also been noted in the case of sum rules of VACF. Thus it

Table 4. Self-diffusion coefficients of expanded Rb for six thermodynamic states.
DLJ;DLM;DMD, and Dexpt represent results obtained using LJ potential, LM potential,

molecular dynamics and experimental results of Rb, respectively.

DLJ DLM DMD Dexpt

State (�10�8 m2 s�1
Þ (�10�8 m2 s�1

Þ (�10�8 m2 s�1
Þ (�10�8 m2 s�1

Þ

1 0.532 0.302 0.298 0.352� 0.014
2 0.570 0.345 0.454 0.418� 0.020
3 2.72 2.421 3.429 3.661� 1.8
4 4.02 3.944 5.675 6.047� 4.4
5 6.27 6.279 8.483 9.346� 8.4
6 9.52 8.664 12.303 14.18� 14.7
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is found that the values of the sum rules are larger for harder potential core.
From table 5, one can also see that the ratio of three body contribution to the two
body contribution to the second and fourth sum rules in LJ potential varies from
35 to 5% and 16 to 2%, respectively whereas in case of LM potential it varies from
64 to 14% and 35 to 5%. Thus, we can say that the contribution of higher-order
correlation function is smaller in LJ fluids than in LMs.

The time evolution of TSAC function, S(t), has been studied from equations (2)
and (6). The normalized TSAC function SðtÞ=Sð0Þ, for 1st, 3rd, and 6th thermo-
dynamic states of Rb, is plotted in figure 4(a), (b) and (c), respectively. Solid
lines represent results corresponding to LJ potential and the dotted lines represent
results obtained using LM potential. It can be seen from figure 4(a)–(c) that
SðtÞ=Sð0Þ decays faster in case of LJ potential than in case of the LM potential
for all the thermodynamical states, thus implying that LM behaves more a viscous
fluid than a fluid with a harder potential. Shear viscosity, �, of expanded Rb for six
thermodynamic states has been calculated from equations (3) and (7). The calculated
values of � along with earlier [7] values obtained using corresponding LM potential
are given in table 6. Experimental [20] and MD [6] values of, �, are also given in
table 6 for comparison. From table 6 it can be seen that the present values of
� are smaller than the earlier values obtained using LM potential. This difference
is found to be maximum near the triple point. The difference in the two viscosities
decreases as one moves toward the critical point. However, unlike the diffusion
coefficients, there remains a considerable difference in the time evolution of TSAC
function and viscosities even near the critical point. This may be due to the fact
that collective motion in liquids is more sensitive to the potential than the diffusive
motion. Here, it may be recalled that values of the self-diffusion coefficients are
larger in the case of fluids with harder potential. Thus one can say that fluids
with a softer potential behave more a viscous fluid than that of a fluid with LJ
potential under analogous condition. The difference between the values of � in
some of the thermodynamic states is small as it appears from TSAC function.
This is due to the fact that the shear viscosity is the area under the normalized
TSAC function multiplied by zeroth sum rule S0. Thus, we observe that the faster
decay of SðtÞ=Sð0Þ is somewhat compensated by the larger value of shear modulus
S0 in the case of an LJ potential.

4. Summary and conclusion

The self-diffusion coefficient and shear viscosity of expanded Rb for six thermodynamic
states have been studied along the liquid–vapor co-existence curve by considering
that the particles of the system are interacting via LJ potential while the parameters
of the potential, i.e., � and � are chosen as the same as those corresponding to a
LM potential. The effect of the potential shape on velocity and TSAC function is
studied by investigating the short-time properties of these time correlation functions.
It is found that the values of the sum rules are higher for harder potential. Sum
rules are found to account for the observed differences in the behavior of VACFs
of metals and inert fluids. The fact that back scattering effects are more
pronounced in LMs than in the case of LJ fluids can be understood in terms of an
enhanced value of frequency sum rules in the case of a harder potential. It is found
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Figure 4. Normalized transverse stress auto-correlation function, SðtÞ=Sð0Þ, vs. time in pico second,
for (a) 1st thermodynamic state, (b) 3rd thermodynamic state, and (c) 6th thermodynamic state.

Table 6. Coefficient of shear viscosity, in centipoise, of expanded Rb for
six thermodynamic states. �LJ and �LM represent results obtained using
LJ and LM potential, respectively. �MD and �expt are simulation and

experimental results.

State �LJ �LM �MD �expt

1 0.374 0.675 0.607 0.476
2 0.354 0.564 0.528 0.433
3 0.144 0.170 0.107 0.136
4 0.107 0.114 0.115 0.112
5 0.090 0.133 0.102 0.0996
6 0.051 0.0684 0.0774 0.0870
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that the VACF of the metal and that of corresponding to the LJ potential are very

similar near the critical point, which is in contrast to the behavior near the melting

point. In the case of stress auto-correlation function it is found that this correlation

function decays much faster in the case of harder potential than in the case of

the LM for all the thermodynamic states. However, for the calculation of shear

viscosity, this faster decay is somewhat compensated by larger values of shear modulus.

Effect of shape of the potential on self-diffusion and shear viscosity is found to

decrease as one moves toward the critical point from near the triple point. However,

collective properties are found to be more sensitive to the detail of the potential than

the single particle motion even near the critical point. It is also noted that three

particle correlations are more important in the case of LMs than in LJ fluids with

harder potential.
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